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Spaceswith semi-metricconnections(which include metric, Weyl andRiemann—Cartan
connections),definedby Vch,,b=hab)~,necessarilysatisfyanalgebraicrelationshipof thetype
h~

11~‘~~d+hbI1V~,d=0, whereha,, is ametrictensor,andR°~dis relatedto thecurvaturetensor
R &d of theconnectionby ~ R~d—~ö~R‘jed It is shown—inafour-dimensionalspace—
time, for almostall curvaturetensors—thatthis algebraicrelationshipis alsoasufficientcon-
dition for thelocal existenceof acurvaturetensorofasemi-metricconnection.Generalisations
of thisresult,involving atensormoregeneralthanthecurvaturetensor,arealsogiven.
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1. Introduction

In trying to determinesufficientconditionsfor asymmetricconnectionFtobe

metric,i.e.,

(1.1)

wherethe metric tensor~ab is assumedsymmetricandwhereV is relatedto F in
the usualway, standardprocedurewouldbeto considerthewholesetof integra-
bility conditions,beginningwith the first,

R R’ —fl 2g~, bcd acd

whereRabCd isthecurvaturetensorof thesymmetricconnectionF.
In ref. [1] we haveshown—in a four-dimensionalspace—timefor almost all

curvaturetensorsof symmetricconnections—thatthis first integrabilitycondi-
tion (1.2) alone is asufficient condition for the localexistenceof aRiemann
tensor(ofasymmetricmetricconnection).

In ref. [21 weobtainedamoregeneralversionof thisresult.We showedthata
sufficientconditionfor asymmetricconnectionwhichis volumepreserving[i.e.,
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Raacd(F)=0] to be metric,dependedon the existenceof aBianchi tensorB~ZbCd
with respectto thissymmetricconnectionF which satisfies

1, 1 ..LI, ‘ —

ai bcd bi acd

[A “Bianchi tensorBabCdwith respectto asymmetricconnectionF” wasdefined
to beafour-tensorwhoseindiceshavethe samesymmetrypropertiesas the cur-
vaturetensorof a symmetricconnection,i.e.,

pa ~pa fl
bcd bdc

pa
[bcd]

andwhich alsosatisfiesthe sameBianchi-typeequationas the curvaturetensor
of asymmetricconnection,

V[eB’~IbIcd]O.1 (1.6)

Thisresultwasalsoshownto bevalid for almostall Bianchitensorsof symmetric
connections,in afour-dimensionalspace—time.

If wedo not imposethis volume-preservingconditionon Fthen (1.3) aloneis
insufficientto guaranteethattheconnectionis metric;ratherit wasfoundin ref.
[2] thatthesymmetricconnectionFandmetrichabarerelatedaccordingto

Vchab = hab)Lc. (1.7)

This is thesymmetricconnectionintroducedinto generalrelativity by Weyl [3],
anddiscussedin the classicaltexts [4,5] andmorerecently in ref. [6]. The re-
sultsin [2] wouldleadusto suspectthat theremaybesomesimplebasicunder-
lying resultforWeyl connections,sothattheresultswhichwe havealreadyfound
for metric connectionsarejust specialcasesof somemoregeneralresult.

In the following sectionwe showthat this is indeedso; we showthattheexis-
tenceof ageneralisedBianchi tensorB’~bCdwith respectto asymmetricconnec-
tion F which satisfiesthe algebraicconstraintequation(1.3) is a necessaryand
sufficient conditionthat the symmetricconnectionF be a Weyl connection.[A
“generalisedBianchi tensorB’~bCdwith respectto a symmetricconnectionF” is
definedto be a four-tensorwhose indiceshavethe symmetryproperties(1.4)
andwhichalsosatisfiesthe Bianchi-typeeq. (1.6) with respectto thesymmetric
connectionF.] As aspecialcaseof thisresultweobtainnecessaryandsufficient
conditionson acurvaturetensorof asymmetricconnectionin orderthatit come
from aWeyl connection.

In section3 weshowthat thistypeof propertyis not restrictedto connections
which are symmetric; analogousresultsexist for semi-metricconnections[4]
(satisfyingequationsofthe form (1.7) with connectionswhich areasymmetric,
i.e., includetorsion).As aspecialcaseof these,we considerRiemann—Cartan
connections[7] in section4.

Eachofthe resultsin this paperis subjectto the conditionthata certainma-
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trix hasmaximalrank; in four dimensionsthe matrix is squareandits size is
36x36.In section5 weshowthatthisconditionisalmostalwayssatisfiedin four-
dimensionalspace—time;it is only in somevery specialcircumstancesthat the
rankcondition is violated. In section6 we discusssomerelatedproblemsand
directionsin whichtheseresultscanbe developed.

2. Conditionsfor Weyl connections

We shallassumethatM is asmoothfour-dimensionalmanifoldon whichthere
is asymmetricconnectionF, associatedcovariantderivative V, andcurvature
tensorcomponentsRabCddefinedin theusualway. In additionon M thereis de-
finedanon-degeneratesymmetricLorentzmetric with componentshab whichis
not relatedapriori to thesymmetricconnectionF.

A Weyl connection[3] is onein whichthe vector)~alinks thesymmetriccon-
nectionFandmetrichab accordingto

Vchab=hab)~c. (2.1)

Thefirst integrabilityconditionof (2.1) iseasilyseento be ~‘

haiR bcd+ hbeR‘acd
2/lab V[d)Lc] . (2.2)

Theusualway to find a sufficientconditionfor (2.1) is to differentiate(2.2)
to get the secondintegrabilitycondition, andto keeprepeatingthe procedure
until the completeset of integrability conditionsarefound [51.However, we
wishto provethat,usually,thefirst setofintegrabilityconditions(2.2) isbyitself
sufficientto imply (2.1).

Theanalogousresult for metric connectionsin ref. [1] waslaterfound in ref.
[2] to bea specialcaseof amoregeneralresult,dependenton the existenceof a
“Bianchi tensor”. Sowewill first of all obtainthemoregeneralresult—interms
of aBianchitensor—forWeyl connections,andthenspecialiseit to conditionson
thecurvaturetensor.

So—byanalogywith the result in ref. [21—in orderto find sufficient condi-
tionsthatF beaWeyl connection,we assumethatthereexistson M a“Bianchi
tensorBabCdwith respectto the symmetricconnectionF”. This is afour-tensor
B”bCd which satisfiesthe algebraicidentities

pa ~pa fl (12
bcd bdc k

B’~[bCd]=O, (2.3b)

andalsosatisfiestheBianchi-typeequation

~ We definethecurvaturetensorof asymmetricconnectionby R~dV~’=(V~Vd—VaV~)V°.
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VIeBaIbIcd]O (2.4)

with respectto the symmetricconnectionF. We furtherassume,in thiscase,that
theBianchi tensorB’~bCdsatisfiestheadditionalalgebraicrelation

ha,B’bcd+ hb,B’acd habbed, (2.5)

whereb~d(= —bd~)is abivectordefinedon M, whichis easilyseento satisfy
pa 2~

acd cd~

It follows immediately,from the fact thatB’~bCdis aBianchitensorsatisfyingthe
Bianchiequations,thatb~dcanbewritten in termsof avectorba,

(2.7)

ba is of coursedefinedup to an additivegradient.
If wenow makethe substitution

pa p~a ~i,~apz 2
bcd bcd 4 b icd

into (2.5),anduse(2.6),weobtain
1~ ~i 1, ~ —

ai bcd bi acd

We notethatB~’~bCdsharesthe index symmetry(2.3a)with B’~bCd,satisfying

j~a j~a fl (1 i1J

bcd bdc , . a
andamorecomplicatedversionof (2.3b),

— L~ar7J,

[bcd]2 [b d c]

Also B~bCdsatisfiestheBianchi-typeequation,

i~EeE’~IbIcdl0 (2.11)

with respectto thesymmetricconnectionF.
Let usnowdefinea “generalisedBianchitensorwith respectto the symmetric

connectionF” to bea four-tensorB”bCd which satisfiesthe algebraicconditions
(2.3a)andalsosatisfiesthe Bianchi-typeeq. (2.4) in the symmetricconnection
F. [A “Bianchi tensorwith respectto the symmetricconnectionF”—defined
earlier—picksout that subclassofgeneralisedBianchitensorswhich satisfiesthe
additional algebraiccondition (2.3b).] The tensorB~’~b~ddefinedby (2.8) is
therefore—byvirtue of (2.1Oa) and (2.11)—ageneralisedBianchi tensorwith
respectto the symmetricconnectionF.

We now follow the sameprocedureas in refs. [11 and [21. Differentiating
(2.9) andusingthe Bianchiequations(2.11)wefind

RI
i _fl

b[cd ejai a[cd elbi ,
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where~2

~cab1’chab. (2.13)

Althoughthemetric tensorhab is not associatedwith the connectionF in the
usualway, we can still useit to lower (andusehab to raise) indices—butcare
mustbetakento avoid ambiguitiesanderrorssincehab is not constantwith re-
spectto V.

So we find ourselveswith exactlythe samealgebraicproblemas in refs. [1]
and [2]. At first sight the systemof equations(2.12) appears—infour dimen-
sions—tobe forty realequationsin the forty realunknownsQcab( = Qcba). How-
ever,four linear combinationsof theseequationsareeasilyseento beidentically
zero,since

(2.14)

Also Qcab cannotbe uniquely determinedby (2.12) since the systemis un-
changedunderthetransformation

~cab~Qcab+lchab (2.15)

for anarbitraryvector l~.So in fact the system(2.12) reducesto asquarehomo-

geneoussystemofthirty-six equations
.A’b[cd~e1ai +B~’aEcd~e]bi= 0 (2.16)

in thethirty-six unknowns~cab ~,

/1 /~ fl, /~z

~cab — ~cab — 4 ab ~ci

This meansthatthemapping

~cab ‘A’b[cd~e]ai +AaEcd~e)bi (2.18)

canbe representedby a 36x 36 matrix ‘Äá consistingof componentsof the ge-
neralisedBianchitensorB~”b~d.If thismatrixhasmaximalrankthenthe only so-
lution to eq. (2.16) isthetrivial one,

~cab°, (2.19)

which is equivalentto

Vchab~~hab~c/. (2.20)

Theintegrabilityconditionof (2.20)gives

~habV[c~d]/ haiR ‘bcd+ hbiR~acd, (2.21)

whichimplies

*2 We follow thesameconventionin ourdefinitionsf2~andQ,,,,~asin ref. [2].
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2V[cQd]/=Raacd, (2.22)

andsoin thiscase—unlikein refs. [1] and [2]—it doesnot follow automatically
thatQd,Jh‘-‘ isagradientvector,northatthereexistsametricwhichis annihilated
by V. So the connectionF is, in this case,of a moregeneraltypethanametric
connection,andisgivenfrom (2.20)by

Vchab=hab;lc (2.23)

or

~ ~c/~b+ ~hbCA~h~, (2.24)

where

(2.25)

and{ ~} arethe Christoffel symbolsof the metric hab. So the symmetricconnec-
tion F is aWeyl connection[3], givenin termsof ametrichab, andavector)~

We canthereforestatethefollowing result:

Theorem1. At anypoint in a co-ordinatedomain UofM, a necessaryandsuffi-
cient conditionthat a symmetricconnectionF bea Weylconnection,i.e., that F
satisfies(for somemetrichabandsomevector.~,)

Vchab=habtc, (2.26)

is that thereexistsageneralisedBianchitensorBabCdwith respecttothesymmetric
connectionF whichsatisfies,in addition to (2.1Oa) and(2.11),

J, 7~I 4.J~ j~l —

ai bcd bi acd

whenthematrixSA~ representingthemapping(2.18) hasmaximalrank.

The necessaryconditionis provedby constructingfrom the curvaturetensor
R bCd of theWeylconnection,the modifiedcurvaturetensor

....pa lsapi 22
bcd— bcd 4 b icd

andnoting that this tensorR bCd is ageneralisedBianchitensorwith respectto
theWeyl connection,satisfying(2.lOa)and(2.11); it also-byvirtueof (2.2)—
satisfiesthealgebraiccondition (2.27).

The curvaturetensorRabCd of a symmetricconnectionalsosatisfiesthe suffi-
cient as well as the necessaryconditionsandso we get the following corollaryto
theorem1:

Corollary2. Atanypoint in a co-ordinatedomain U ofM, a necessaryandsuffi-
cientconditionthat thesymmetricconnectionF is a Weylconnection,i.e., that F
satisfies(for somemetrichabandsomevector)~a)
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Vchab=habtc, (2.29)

is that themodifiedcurvaturetensorP”bcd ofthesymmetricconnectionF, defined
by (2.28), satisfies

haiJ~bcd+hbiP~acd0 (2.30)

whenthematrix ‘AA representingthemapping

~cab~’R’b[cdQe]ai +P’a[cdQe]bi (2.31)

hasmaximalrank.

3. Conditionsfor semi-metricconnections

To generalisethe resultsin the previoussectionwe shallassumethatM is a
smoothfour-dimensionalmanifoldon which thereis an asymmetricconnection
F, associatedcovariantderivativeV, andcurvaturetensorcomponentsR bCdde-
finedin theusualway. Theasymmetricconnectioncanbesplitinto its symmetric
part with componentsF~b~)andits antisymmetric(torsion)part with compo-
nentsTbCa( =

2F?Cb]), sothat~

(3.1)

In addition on M thereis defineda non-degeneratesymmetricLorentzmetric
with componentshat, which is not relateda priori to the asymmetricconnection
F.

A semi-metricconnection[4] is onein whichthevector,% a linksthe asymmet-
ric connectionFandmetric habaccordingto

Vchabhabtc. (3.2)

Thefirst integrabilityconditionof (3.2) is easilyseento be

haiR’bcd+ hbiR’acd 2hab(VEd~cl+ ~ ~ . (3.3)

We now wish to prove that, usually,this first setof integrabilityconditions
(3.3) is by itselfsufficient to imply (3.2). More generally,by analogywith the
lastsection,wewill first findsufficientconditions—intermsof theexistenceof a
Bianchi tensor—foran asymmetricconnectionto be semi-metric,andthenspe-
cialisethe resultto thecurvaturetensorRabCdof the asymmetricconnection.

SoweassumethatthereexistsonM a“Bianchi tensorBabCdwith respecttothe

~ Wedefinethecurvaturetensorof anasymmetricconnectionby Ra~dVb= (J7~Vd—VdVC — T~1Vb)V”.

It shouldbenotedthat in refs. [4] and[8] thecorrespondingdefinition givestheindicesof the
curvaturetensorasR~ab~.Ourdefinitionof torsionT,,~°givenaboveagreeswith thedefinition in
ref. [4].
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asymmetricconnectionF”. This is afour-tensorB’1bCd which satisfiesthe same
algebraicidentitiesas thecurvaturetensorof anasymmetricconnection[8],

pa ~pa ~n
bcd bdc , ,, . a

B’~[bCd]+V[bTCd]’~+T[bC’TdJ/4=O, (3.4b)

andthe sameBianchi-typeequationas the curvaturetensorof an asymmetric
connection,

VB’~ +T’B’~ — 3
[e blcdj [cd IbIe]i

We furtherassume,in thiscase,that this Bianchi tensorBabCd satisfiesan addi-
tional algebraicrelationof the form

haiB’bcd+ hbiB’acd habbcd, (3.6)

wherebCd( = —bd~)is abivectordefinedon M, whichiseasilyseento begivenby

Ba 11,acd cd~

Makinguseof theBianchiequation(3.5) weget

b~d=V[abC] + ~ (3.8)

ba is ofcoursedefinedup to anadditivegradient.

If wenow makethesubstitution
Ba _E~Ji,ça~ibcd bcd 4 b :cd

into (3.6) anduse(3.7),we obtain

haIB~’bcd+hbiB~’acd0. (3.10)

We notethatE”b~dsharesthe symmetry(3.4a)with B’1bCd satisfying

~a
j~~a _fl (~11

bcd bdc— . a
andamorecomplicatedversionof (3.4b),

Babd_Ic5~~b(Vdb +~TcdJ1bi)_VEbTCd]11_T[bC1TdIf. (3.llb)

Also .ã’~bcdsatisfiestheBianchi-typeequation

V fr~ +T i~a —0 312[e jblcd] [cd bje]i

in theasymmetricconnectionF.
Let usnowdefinea“generalisedBianchitensorwith respectto theasymmetric

connectionF” to be a four-tensorB’~bCdwhich satisfiesthe algebraicsymmetry
(3.4a)andalsosatisfiestheBianchi-typeeq. (3.5) in the asymmetricconnection
F. The tensorB~’~b~ddefinedby (3.9) is therefore—byvirtue of (3.11a) and
(3.12)—ageneralisedBianchitensorwith respectto theasymmetricconnection
F.
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Wenowfollow the sameprocedureasin refs. [1,2] andthelastsection.Differ-
entiating(3.10) andusingtheBianchiequations(3.12)wefind

B’b[cdQelai+Ba[cdQe]biO , (3.13)

where

Qcab1’ct~ab. (3.14)

Againwewill usethemetrictensorhabto lower (andusehab to raise)indices—
rememberingthat hab is not constantwith respectto V.

The system(3.13) reduces—infour dimensions—toasquarehomogeneous
systemof thirty-six equations

B’ ‘~ +B’ ‘~ —0 315
b[cd~e]ai a[cd~e]bi

in thethirty-six unknowns

QcabQcab~hab~ci. (3.16)

Thismeansthatthe mapping

Qcab ~B~b(ccI~e1ai+Ba[cdQe]bi (3.17)

canbe representedby a 36x 36 matrix ~ consistingof componentsof the ge-
neralisedBianchi tensorB~b~d.If thismatrixhasmaximalrankthenthe only so-
lution to (3.17) is thetrivial one,

Qcab°, (3.18)

whichis equivalentto

Vchab~habQci’. (3.19)

So wearriveatthe following result:

Theorem3. At anypoint in a co-ordinatedomain U ofM, a necessaryandsuffi-
cientconditionthatan asymmetricconnectionFbea semi-metricconnection,i.e.,
that Fsatisfies(for somemetric habandsomevector)~)

Vchab=hab)~c, (3.20)

is that thereexistsa generalisedBianchitensorB~b~dwith respectto theasymmet-
ric connectionFwhichsatisfies—inadditionto (3.11a) and(3.12)—thealgebraic
constraint

“ ~‘ “~‘ — 2ai bcd bi acd

whenthematrix~ representingthemapping(3.17)hasmaximalrank.

The necessaryconditionis provedby constructingfrom the curvaturetensor
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RabCd of thesemi-metricconnection,the modifiedcurvaturetensor
.....pa j~apt

bcd bcd 4 b icd

andnoting that this tensorR~I2bcdis ageneralisedBianchi tensorwith respectto
the semi-metricconnection,satisfying(3.1 la) and (3.12). It alsosatisfies—by
virtueof (3.3)—the algebraiccondition(3.21).

We caneasilydeducethespecialcaseof thistheoremwherethe Bianchitensor
is specialisedto the curvaturetensor:

Corollary4. At anypoint in a co-ordinatedomain U ofM, a necessaryandsuffi-
cientconditionthat theasymmetricconnectionF isa semi-metricconnection,i.e.,
thatFsatisfies(for somemetrichabandsomevector)~)

Vchab=hab~c, (3.23)

is that the modifiedcurvaturetensorP bCd oftheasymmetricconnectionFdefined
by (3.22) satisfies

1, ~‘ ~‘ — 24ai bcd bi acd

whenthematrix~ representingthemapping

Q pa jpa

cah~ bcd e]ai bcd e]b,

hasmaximalrank.

4. Conditions for Riemann—Cartanconnections

Riemann—Cartanconnections[71aregeneralisationsof the metric connec-
tionsdiscussedin refs. [1,21,andspecialisationsof thesemi-metricconnections
ofthelastsection;theyareconnectionsFwhichhaveanantisymmetric(torsion)
part andwhich arealsometriccompatible,i.e.,

Vcga~0. (4.1)

From (3.3) it follows thatthe curvaturetensorof suchconnectionssatisfies

42
gai bcd ~bi acd

andhencethevolume-preservingcondition

Raaca=0. (4.3)

So we follow throughthe sameargumentas in the previoussection,exceptthat
we beginfrom theassumptionthatour Bianchi tensorsatisfies [in addition to
(3.4a),(3.4b), (3.5)]

1, ‘ ~ I —

ai bcd bi acd
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andalsothat theconnectionis volumepreserving,i.e., its curvaturetensorsatis-
fies (4.3).

Forsuchconnectionsourinvestigationdoesnot haveto stopat (3.19),
‘~h —_~1~~i 45
cab 4 ab ci,

as was the casefor the moregeneralsemi-metricconnectionsin thelastsection.
The integrabilityconditionof (4.5) gives

~hab(V[~Qd)~’+~T~’Q1~’)haiR’bcd+ hbiR’acd, (4.6)

which implies—from(4.3)—that

V ‘+‘T~~—0 47[c d]i 2 dc jj

andso in this case—asin refs. [1] and [2 ]—it follows that Qa,’ is a gradient
vector,so that

VchabhabVcO. (4.8)

Thereforethereexistsametric~ab whichisannihilatedby V,

gab=ehab. (4.9)

Thisestablishesthefollowing results:

Theorem5. At anypoint in a co-ordinatedomain U ofM, a necessaryandsuffi-
cient condition that an asymmetricconnectionF which is volumepreserving
(R’~acd(F)=0) bea Riemann—Cartanconnectionis that thereexistsa non-degen-
eratemetric habandaBianchi tensorBabCdwith respectto theasymmetricconnec-
tion F whichsatisfies—inaddition to (3 .4a,b) and (3.5)—thealgebraiccondition

1, i 1, i —

ai bcd bi acd

whenthematrixaABrepresentingthemapping

Qcab_*B’b[cdQe]ai+B’a[cdQe]bi (4.11)

hasmaximalrank. Further,onepossiblemetric ~ab for the connection~ is con-
formally relatedto themetrichab by

gab=ehab, (4.12)

where

V~t=~h’~Vchab. (4.13)

As in the previoussectionsthenecessaryconditionis trivially establishedby
referringto thecurvaturetensorRabCd.

Forthe specialcaseof thecurvaturetensorthetheoremgives



270 SB.Edgar/ WeylandRiemann—Cartanconnections

Corollary 6. At anypoint in a co-ordinatedomain U ofM, a necessaryandsuffi-
cientcondition that an asymmetricconnectionF bea Riemann—Cartanconnec-
tion is that thereexistsa non-degeneratemetric hab so that the curvaturetensor
R oftheasymmetricconnectionFsatisfies

haiR’bcd+hb,R’acdO (4.14)

whenthematrixaARrepresentingthemapping

Qcab~Rb[cdQe]ai +R’a[cdQe]b, (4.15)

hasmaximalrank. Further,onepossiblemetric~ab for theconnection~ is con-

formallyrelatedto the metrichab by
gab=ehab, (4.16)

where

V~=~h~bVchah. (4.17)

Remark. By requiring, in the abovetheoremandcorollary, that the connection
be symmetricthe original resultsfor metric connections,in refs. [2] and [1],
respectively,follow immediately.

5. The rank condition

As we pointedout in refs. [1] and [2] such resultsas thosein the previous
threesectionsareonly meaningfulif therankconditionon therespectivematri-
cesconsideredthereis satisfiedfor significant classesof tensors.Although we
haveconcentratedon four dimensionsit is easilyseenthat the argumentsin the
previoussectionsapply equallyin higherdimensions;the only differencebeing
thatthe matricesaresquareonly in four dimensions.However,it is only in four
dimensionalspace—timesthat we haveexistingclassificationschemeswhichen-
able us to examinethe rankcondition in detail, andjudgeto what extentit is
generallysatisfied.

We showedin ref. [1] —for four-dimensionalspace—times—thatalmostall the
curvaturetensorsof symmetricconnectionsunderdiscussiontheresatisfiedthe
maximalrankcondition.Becausethosecurvaturetensorshad all the algebraic
symmetriesof a Riemanntensorwewereableto usethestandarddecomposition
andclassificationschemesassociatedwith Riemanntensors[8], andby decom-
posingthosecurvaturetensorsinto their Weyland Ricci parts,wewereableto
seeexplicitly thosesituationswherethe rankcondition failed. In particularwe
usedthe Petrovclassification[8] of the Weyl curvaturetensorto showthat it is
onlywhentherearecertainalgebraicrelationslinking the (fourreal) Petrovsca-
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lars, and/orcertainalgebraicrelationslinking the Petrovscalarswith the Ricci
tensorcomponentsthatthe rankconditionon the curvaturetensorfails to be
satisfied.SincetheBianchitensorin ref. [2] hadexactlythesamealgebraicstruc-
tureasthecurvaturetensorin ref. [1] wewereableto conclude,in thatcasealso,
that therankconditiononly fails in the exactlyanalogousspecialcircumstances.

It is importantto notein ref. [2] that,althoughin thestatementofthetheorem
we imposeda secondindex symmetrycondition [of thetype of (2.3b)] on the
Bianchi tensor—andof coursethe curvaturetensorsalsohavethis typeof sym-
metry—thisconditionis not usedin the actualproofof the theorem.So strictly
the theoremin ref. [2] is still valid evenif this conditionis omitted.However,
thissymmetryisusedin thediscussionon thegeneralityof therankconditionas
outlinedabove.It isbecauseofthisadditionalsymmetrythatthe Bianchitensor
andcurvaturetensorin refs. [1] and [2] canbedecomposed(in thesameway
as aRiemanntensor)into only twoparts—theWeylandRicciparts—whichper-
mitsthePetrovclassificationto beusedandenablesusto drawthestrongconclu-
sionsin refs. [1] and [2] on the very generalnatureof the rankcondition,i.e.,
thatit issatisfiedfor almostall oftheBianchiandcurvaturetensors,respectively.

Turning to theorem1 in section2 of this paper,themapping(2.18) involves
the generalisedBianchi tensorB~b~d.This tensorsatisfiesthe usualconditions
(2.9)and(2.1Oa) but doesnot satisfytheothercondition,(2.3b). So-inafour-
dimensionalspace—time—thegeneralisedBianchitensorB~b~dhasmorenon-zero
componentsthanthe Bianchi tensorBabCdin ref. [2], 36 comparedto 20. This
meansthatwecannotimmediatelycarry throughthe samestandarddecomposi-
tion of .AabCd_into its Weyl andRicci parts—aswewere ableto for R’~b~dand
BabCdin thepreviouspapers[1] and [2].

But thereis an analogousdecomposition—inafour-dimensionalspace—time,
with respectto the metric habforanytensorslike ~abCdwhich satisfytheindex
symmetry (2.1Oa) andthe condition (2.9) with respectto ametric hab. This is
easiestdescribedin spinorlanguage[8,9]. ThespinorcounterpartofBabcd (where
we usethe metrictensorhab to lowerthefirst index) canbedecomposedinto two
spinors, XABCD and ~ABA’B’, which becauseof (2.9) and (2.lOa) have the
properties

XABCD=X(AB)(CD), ~ABC’D’=~(AB)(C’D’)~ (5.1)

Thefirstofthesecomplexspinorscanbefurtherdecomposedinto two symmetric
spinors,WABCDandLAB, andacomplexscalarA. (In theusualdecompositionfor
theRiemanntensor,‘AB is identically zero,A isreal and ~ is hermitian.So
for thegeneralisedBianchitensor,the3 complexcomponentsof 1AB, the imagi-
nary componentof A andthe 9 imaginarycomponentsof ~ABA’B’~ carrythe ad-
ditional informationof the extra16 real componentsof &bcd.) The completely
symmetricspinorWABCD hasall the algebraicpropertiesof theusualWeyl spinor
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with 5 complexcomponents,andwe shallrefer to it againas the Weyl part.The
otherthreespinors~

1-~ABA’B’,LAB andA, aretogetherknown as the Ricci part of
thegeneralisedBianchi tensor.

We cannowusethisdecompositionto determineexplicitlywheretherankcon-
dition fails.First we considerthe casewhenonly the Weylpart ~~1ABCDof B~abcd~S
non-zeroandwe canperformaPetrovclassificationon this tensorin the usual
way (makinguseof the metric has,), to concludethat it is only whenthereare
certainveryexceptionalalgebraicrelationslinking the (four real) Petrovscalars
that the rankcondition on the generalisedBianchi tensorfails to be satisfied.
Next whenwe considerthe remainingpart (the Ricci part) of Eabed alsoto be
non-zero,we can concludethat it is only whenthereexistcertainvery special
algebraicrelationslinking togetherthe Petrovscalarswith componentsfrom the
Ricci part,that the rankconditionon the generalisedBianchi tensorfails to be
satisfied.So,thistimeagainas in ref. [2], almostall generalisedBianchitensors
satisfying(2.27) satisfythe rankcondition.

For the caseof the corollary in section2, the modified curvaturetensordoes
satisfyasecondalgebraicrelation—ofthetype(2.1Ob); althoughit doesnotequate
the 16 additionalcomponentsto zero,the conditiondoesexertconsiderablecon-
straintsin them.So whenwe follow through the sameargumentas in the last
paragraphwehaveto takeinto accountthatsomeof thecomponentsof theRicci
part—thoseadditional 16 real components—arealreadysubject to somecon-
straints;thisreducesevenfurtherthenumberof modified curvaturetensorssat-
isfying the conditionsof the theoremfor which thereis the possibility that the
rankconditionmight fail.

(Wecouldofcoursehaverequiredin thestatementoftheorem1 theadditional
symmetrycondition (2.1Ob) on the generalisedBianchi tensorB~b~dand this
wouldhavemadeno differenceto theproofof thesufficient partof thetheorem;
it would have—asin the curvaturetensorcase—slightlyreducedthe numberof
generalisedBianchitensorssatisfyingtheconditionsofthetheoremfor whichthe
rankconditionmight fail. However,on the otherhandit would haveput awk-
ward restrictionson the choiceof B~b~d,in any practicalattempt to construct
examplesof the tensors

A similar justification to that just given canbe appliedto the theoremsand
corollariesin sections3 and4 to show that the rankconditionsthereare also
almostalwayssatisfied.

6. Summaryanddiscussion

We havefound—in a four-dimensionalspace—time—thatthe classof asym-
metricconnectionswhose (modified) curvaturetensorsnecessarilysatisfyan al-
gebraicrelationof the type (1.2) also, generally,havesuchanalgebraicrelation
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as a sufficientcondition.This is theclasswhoseconnectionsareknownas semi-
metric; this class includesmetric,Weyl andRiemann—Cartanconnections.We
havealsogeneralisedtheseresultsto showhow suchconnectionsdependon the
existenceof aBianchitensor—atensorof amoregeneralnaturethanacurvature
tensor.

Thealgebraiccondition (1.2) hasbeenthoroughlyinvestigatedin ref. [10] for
the caseof aRiemanntensor(or, moregenerally,for anyfour-tensorwhichhas
all theindexsymmetriesof aRiemanntensor).In ref. [2] wewereableto make
useof theseexistingresultsto obtainuniquenessresultson the metrictensorin
(1.2).However,in thispaperthegeneralisedBianchitensorsandmodifiedcur-
vaturetensorssatisfyingthe algebraiccondition (1.2) lackoneof thesymmetry
properties,the symmetryin (1.5),usedin obtainingtheresultsin ref. [101,and
so theseresultscannotbe applieddirectly to thepresentinvestigations.An anal-
ysis of this more complicatedalgebraiccondition—condition(1.2), excluding
theproperty (1.5)—will be presentedelsewhere,togetherwith its applicationto
theuniquenessof the metricof themetric-compatibleconnectionsconsideredin
thispaper.

Also in ref. [2] weexaminedthe secondset of integrabilityconditionsalong-
sidethe first, anddiscoveredthat togetherthey presentedsufficient conditions
for metric connectionsfor an evenlarger classofcurvaturetensors—specifically
for theclassof curvaturetensorswhich determinethe metric in (1.2) uniquely
(upto aconformalfactor).A similar resultis expectedfor themoregeneralspaces
consideredin thispaper.

RecentlyHall [11] has studied,via holonomy groups,certain uniqueness
problemsassociatedwith Weyl connections,andalthoughthe presentform of
theseresultsarenot immediatelyapplicableto the resultsof this paper,clearly
unifyingthetwo approacheswill bring afuller understandingofthissubject.

Finally we note that considerablework hasbeendone,andcontinuesto be
done—fromavariety of pointsof view—on the questionof local existenceof
differenttypesofconnections[12—18].However,in thispaperweareconcerned
with only a specific and limited aspectof this very generaland fundamental
mathematicalproblem.We arenot searchingfor a completeset of existencecon-
ditionswhich isvalid for all possiblespaces;evenwith restrictionson dimension
andsignature,suchconditionswill becomplicated.Ratherweareconcernedwith
identifying aclassof connectionsfor which a simplealgebraicconditionon the
curvaturetensorof the form of (1.2) is asufficient conditionfor their localex-
istence.By restrictingourselvesto four-dimensionalspace—times,weareableto
answerthisquestionin somedetail. It is onlyin four dimensionsthatthecrucial
equationin ourargument(2.16)givesa squaresystemof equationsandsucha
simplerankcondition,andit isonlyin four-dimensionalspace—timesthatweare
ableto exploit the Petrovclassificationschemeto examineexplicitly the rank
conditionandconfirmthat it is almostalwayssatisfied.The motivationfor re-
quiringsufficient conditionsin aform like (1.2) is that the analogousequation
for symmetricmetricconnectionshasbeenstudiedextensivelyin refs. [1,2,10,15]
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andhasenabledalot of informationabouttherelationshipsbetweencurvature
tensors,connectionsandmetricsto be obtained,without havingto considerex-
plicitly the complicateddifferentialequationswhich relatethe curvaturetensor
with metricor connection.In additionIhrig [151 hasoutlinedaprocedure,using
eq. (1.2),which enablesmetricsto becalculatedfrom their Riemanntensorsby

purely algebraic means;andMcIntoshandHalford [19] haveshownhow this
procedurecanwork in practice.We intend to generalisethis procedureto the
moregeneralclassesof spacesdiscussedhere.

This work wassupportedby the SwedishNaturalScienceResearchCouncil.
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